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Chapter 1

State-space model
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1.1 One-step ahead prediction used to calculate k-step forecast

General state equation

x(i+ 1) = Ax(i) +Buu(i) +Bdd(i)

The state equation takes the system one time step ahead, starting from the initial state x(0). Using this equation recursively until time step
k results in

x(1) = Ax(0) +Buu(0) +Bdd(0)

x(2) = Ax(1) +Buu(1) +Bdd(1) = A(Ax(0) +Buu(0) +Bdd(0)) +Buu(1) +Bdd(1)

= A2x(0) +ABu(0) +ABdd(0) +Buu(1) +Bdd(1)

x(3) = Ax(2) +Buu(2) +Bdd(2)

= A(A2x(0) +ABu(0) +ABdd(0) +Buu(1) +Bdd(1)) +Buu(2) +Bdd(2)

= A3x(0) +A2Buu(0) +A2Bdd(0) +ABuu(1) +ABdd(1) +Buu(2) +Bdd(2)

...
...

x(k) = Akx(0) +

Ak−1Buu(0) +Ak−2Buu(1) + · · ·+ABuu(k − 2) +Bu(k − 1) +

Ak−1Bdd(0) +Ak−2Bdd(1) + · · ·+ABdd(k − 2) +Bd(k − 1)

In matrix notation (valid for k ≥ 1):

x(k) = Akx(0) +
[
Ak−1Bu · · · ABu Bu

]


u(0)
...

u(k − 2)
u(k − 1)

+
[
Ak−1Bd · · · ABd Bd

]


d(0)
...

d(k − 2)
d(k − 1)


This is the state at time k. Now the mapping from state to output is carried out. The general output equation expresses the output y(i)

as a linear combination of the state x(i) and the forcing u(i).

y(i) = Cx(i) +Du(i)

In the present case, no dependency on u(i) has been identified, and the output equation is reduced to

y(i) = Cx(i)

Inserting the state at time k in the output equation yields

y(k) = Cx(k) = CAkx(0) +
[
CAk−1Bu · · · CABu CBu

]


u(0)
...

u(k − 2)
u(k − 1)

+
[
CAk−1Bd · · · CABd CBd

]


d(0)
...

d(k − 2)
d(k − 1)


Finally all outputs from i = 1 to i = k are collected. The vector of outputs at all time steps is termed Y (k), Y (k) = [y(1), . . . , y(k − 1), y(k)]

T
.

Y (k) =

 CA...
CAk


︸ ︷︷ ︸
O

x(0) +


CBu 0 · · · 0
CABu CBu · · · 0

...
...

. . .
...

CAk−1Bu CAk−2Bu · · · CBu


︸ ︷︷ ︸

Gu


u(0)

...
u(k − 2)
u(k − 1)


︸ ︷︷ ︸

U(k)

+


CBd 0 · · · 0
CABd CBd · · · 0

...
...

. . .
...

CAk−1Bd CAk−2Bd · · · CBd


︸ ︷︷ ︸

Gd


d(0)

...
d(k − 2)
d(k − 1)


︸ ︷︷ ︸

D(k)

Note that y(i), u(i) and d(i) are vectors themselves, i.e. y(i) = [ya(i), yb(i), · · · ]T contains all outputs from the system at time i, where
subscript a, b referes to outputs from different model blocks.

For a system of reaches and reservoirs, the outputs are levels or volumes in reservoirs and flows in reaches.The forcing/input/controllable
variables are flows at control structures such as gates, pumps and valves. The disturbances are inflows to the system (from tributaries
and runoff from rainfall), as well as extractions (irrigation diversions, leakage and evaporation). Even a small river network is likely to
have a multitude of disturbances.
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Optimisation
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2.1 Control introduction

The goal is to minimise the output’s deviation from a specified reference during the forecast, by choosing ”the best” values for the forcings.
In a river network system the goal might be to stick to a level in a reservoir, or to obtain a specified flow in a reach. The means of influencing
the reservoir levels and the flows, are the flows through regulators as gates and valves. The effect of choosing a specific flow for a regulator is
quantified by the linear models. The future reference contains reference values for all time steps up to time k. Each of r1, . . . , rk are vectors
themselves, i.e. ri contains all reference values for the system at time step i, ri = [ra(i), rb(i), . . . ]

T .

R =

r1

...
rk


The forecast of future outputs (from time i = 1, . . . , k) is

Y (k) = Ox(0) +GuU(k) +GdD(k)

In short

Y = Ox0 +GuU +GdD

The reference and the future outputs can be used to construct the objective function in various ways.

J = ‖Y −R‖2Q = ‖Ox0 +GuU +GdD −R‖2Q (2.1)

Eq. (2.1) is the weighted least squares. If Q is the identity matrix, this is just the ordinary least squares measure. The U that minimizes J in
eq.2.1 is given by

U = −(GT
uQGu)−1GT

u [Ox0 +GdD −R] (2.2)

Eq. (2.1) is a simple example of how an objective function can be formulated from the reference and the future output. As no constraints have
been formulated neither for the input (U) nor for the output (Y ) then eq. (2.2) minimises J .
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2.2 Quadratic Program

We start out by formulating the optimisation model for the system as a quadratic program. A quadratic program has the general form

min J =
1

2
UTHU + gTU (2.3)

FU ≤ b (2.4)

In the following sections we will treat development of the objective function and the constraints in separate sections. But, as we shall see
later, it is not possible to keep them separated, because defining soft constraints ends up adding terms to the objective function.

2.2.1 Quadratic objective function

First the very basic objective function, which only tracks reference on the output is derived. In the following sections this basic objective
function is augmented with terms for reducing the control activity and for tracking a reference on the input as well. We shall see that these
additional terms are derived as augmentations to the expression for the basic objective function. Finally an expression for the general objective
function, which can handle a combination of these augmentations, is presented. subsubsectionBasic objective function - track reference on
output The basic expression for the quadratic objective function is

J = ‖Y −R‖2Q = (Y −R)TQ(Y −R) (2.5)

Inserting the predicted output, Y = Ox0 +GuU +GdD, in eq. (2.5), we get

(Ox0 +GuU +GdD −R)TQ(Ox0 +GuU +GdD −R) =
((Ox0)T + (GuU)T + (GdD)T −RT )(QOx0 +QGuU +QGdD −QR) =

(2.6)

(Ox0)TQOx0+(Ox0)TQGuU + (Ox0)TQGdD − (Ox0)TQR
+(GuU)TQOx0+(GuU)TQGuU+(GuU)TQGdD − (GuU)TQR
+(GdD)TQOx0+(GdD)TQGuU + (GdD)TQGdD − (GdD)TQR
−RTQOx0−RTQGuU −RTQGdD +RTQR

(2.7)

In eq. (2.7), the quadratic term is marked in red, the linear terms in green and the constant terms remain in black. QP solvers need the
objective function specified as quadratic contribution and a linear contribution, typically in the form J = 1

2U
THU + gTU . When minimising

J , the constant terms do not matter. The quadratic term (GuU)TQGuU is manipulated to

UTGT
uQGuU (2.8)

Collecting the linear terms need a little more work.

(Ox0)TQGuU + (GuU)TQOx0 + (GuU)TQGdD − (GuU)TQR+ (GdD)TQGuU −RTQGuU
= ((Ox0)T + (GdD)TQ−RT )QGuU + (GuU)TQ(Ox0 +GdD −R)

(2.9)

Due to the symmetry of Q, the second term (GuU)TQ(Ox0 + GdD − R) is equal to (Ox0)T + (GdD)T − RT )QGuU . (Is this the correct
argument?), and the linear term is reduced to 2((Ox0)T + (GdD)TQ−RT )QGuU . Finally the objective function reads

J = UTGT
uQGuU + 2(Ox0 +GdD −R)TQGuU (2.10)

When minimising the objective function, the factor 2 does not influence the result, i.e.

min J = min (
1

2
UT GT

uQGu︸ ︷︷ ︸
H

U + (Ox0 +GdD −R)TQGu︸ ︷︷ ︸
gT

U) (2.11)

The quadratic and linear contributions to the objective function in the form J = 1
2U

THU + gTU can therefore be calculated as

H = GT
uQGu (2.12)

g = ((Ox0 +GdD −R)TQGu)T = GT
uQ(Ox0 +GdD −R) (2.13)

Observe that if Q is not time dependent, then H does not depend on time either. This means that H needs not be re-calculated each time a
new optimisation starts. On the other hand, g contains time-dependent information: starting from the initial state x0, over the disturbances
D, and probably also the reference vector R.

Penalise the control inputs

One way to reduce the control activity is to put a penalty on the input. The objective function (J) is then expressed as

J = ‖Y −R‖2Q + ‖U‖2Σ (2.14)

The first part of the objective function has already been calculated in eq. (2.10), so we just insert this in eq. (2.14) and collect quadratic and
linear terms

J = UTGT
uQGuU + 2(Ox0 +GdD −R)TQGuU + UT ΣU

= UT (GT
uQGu + Σ)U + 2(Ox0 +GdD −R)TQGuU

(2.15)

which results in

H = GT
uQGu + Σ (2.16)

g = GT
uQ(Ox0 +GdD −R) (2.17)

In other words: penalising the input adds an extra term to the quadratic part of the objective (namely Σ), whereas the linear part stays the
same as in the basic objective function.

This formulation implicitely sets ”zero” as reference for the control inputs, J = ‖Y −R‖2Q + ‖U‖2Σ = ‖Y −R‖2Q + ‖U − 0‖2Σ
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Track a reference for both outputs and inputs

The objective function for a system with reference tracking on both output and input. The input U is penalised for deviating from Ru, where
Ru is a reference for the control action, for instance a desired flow through a turbine.

J = ‖Y −R‖2Q + ‖U −Ru‖2Σ (2.18)

Y = Ox0 +GuU +GdD (2.19)

Expanding the term ‖U −Ru‖2Σ yields

‖U −Ru‖2Σ = (U −Ru)T Σ(U −Ru) = UT ΣU−UT ΣRu −RT
u ΣU +RT

u ΣRu (2.20)

Adding quadratic and linear terms to the expressions for H and g results in

H = GT
uQGu + Σ (2.21)

g = GT
uQ(Ox0 +GdD −R)−ΣRu (2.22)

Penalise the change in the control inputs

J = ‖Y −R‖2Q + ‖∆U‖2Σ∆
(2.23)

We expand the second term using

Uk =



uaub
...


0uaub

...

uaub
...


k−1


Uk−1 =



uaub
...


−1uaub

...

uaub
...


k−2


(2.24)

∆U = Uk − Uk−1 =



−ua−ub
...


−1

...
0
...




...
0
...




︸ ︷︷ ︸

ini

+



1 · · · 0
...

. . .
...

0 · · · 1
−1 · · · 0
...

. . .
...

0 · · · −1

1 · · · 0
...

. . .
...

0 · · · 1
−1 · · · 0
...

. . .
...

0 · · · −1

1 · · · 0
...

. . .
...

0 · · · 1


︸ ︷︷ ︸

G∆U



uaub
...


0uaub

...

uaub
...


k−1


︸ ︷︷ ︸

Uk

(2.25)

Inserting yields

‖∆U‖2Σ∆
= (∆U)T Σ∆∆U = (ini+G∆UUk)T Σ∆(ini+G∆UUk)

= iniT Σ∆ini+ iniT Σ∆G∆UUk + UT
k G

T
∆UΣ∆ini+ (G∆UUk)T Σ∆(G∆UUk)

= iniT Σ∆ini+ini
T Σ∆G∆UUk + UT

k G
T
∆UΣ∆ini+U

T
k G∆UΣ∆G

T
∆UUk

(2.26)

Adding the quadratic and linear terms to the expressions for H and g results in

H = GT
uQGu +GT

∆UΣ∆G∆U (2.27)

g = GT
uQ(Ox0 +GdD −R)+GT

∆UΣ∆ini (2.28)

General objective function

The objective functions in the previous sections are based on the assumption that a reference is specified for all outputs, and when augmenting
with penalties on input or on input change, that a penalty is specified for all inputs. If no reference is specified for an output, we have to work
around this by specifying zero weights in the Q matrix and by specifying dummy values in the parts of the reference vector that corresponds
to this output. Likewise if we want to specify a penalty on input change for only a selection of the inputs, we have to specify zero weights for
the remaining inputs, in order to make these give a zero contribution to the objective function.

For practical applications we would like to be able to specify penalties for deviation from output reference for selected outputs in combination
with penalties for change in input as well as penalties for reference deviation on input for selected inputs. As we have seen in the previous
sections, the different penalties produce well-defined augmentations to the basic objective function. We only need one more thing to construct
a general objective function: Indicator matrices, which point out the selected outputs and inputs for each type of penalty.

2.2.2 Unconstrained optimisation

If no constraint are present (neither on input nor on output), the min J can be found by differentiating J with respect to U and setting J ′ =
0.

J =
1

2
UTHU + gTU =⇒ J ′ =

1

2
UT (HT +H) + gT =⇒ J ′ = UTH + gT as H is symmetric (2.29)

Setting J ′ = 0 yields

J ′ = 0 =⇒ UTH + gT = 0 =⇒ UT = −gTH−1 =⇒ (2.30)

UT = −gTH−1 =⇒ U = (−gTH−1)T (2.31)
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The U that minimises J finally reads

U = −H−1g (2.32)

Below is listed how this expression looks with H and g inserted for the different variations of the objective function:

J = ‖Y −R‖2Q : U = −(GT
uQGu)−1GT

uQ(Ox0 +GdD −R) (2.33)

J = ‖Y −R‖2Q + ‖U‖2Σ : U = −(GT
uQGu + Σ)−1GT

uQ(Ox0 +GdD −R) (2.34)

J = ‖Y −R‖2Q + ‖U −Ru‖2Σ : U = −(GT
uQGu + Σ)−1(GT

uQ(Ox0 +GdD −R)− ΣRu) (2.35)

J = ‖Y −R‖2Q + ‖∆U‖2Σ∆
: U = −(GT

uQGu +GT
∆UΣ∆G∆U )−1(GT

uQ(Ox0 +GdD −R)+GT
∆UΣ∆ini) (2.36)

2.2.3 Constraints

The constraints equation FU ≤ b defines all constraints in the system, both on the input and the output

Umin ≤ U ≤ Umax (2.37)

Ymin ≤ Y ≤ Ymax (2.38)

Many QP solvers treat box constraints on the input separately, so in the following referring to ”the constraint inequalities” means the
inequalities stemming from constraints on the output. Inserting Y in the constraint inequalities gives

Ymin ≤ Ox0 +GuU +GdD ≤ Ymax ⇐⇒ (2.39)

−Ox0 −GdD + Ymin ≤ GuU ≤ −Ox0 −GdD + Ymax ⇐⇒ (2.40)

lhs ≤ GuU ≤ rhs (2.41)

where the form lhs ≤ GuU ≤ rhs is ready to be entered in the solver as box constraints. These constraints are hard and cannot be violated.
Soft constraints allow a violation of the bound. This is formulated by adding slack variables, s, to the bound. The slack variables enter the
models as decision variables, and if the optimiser chooses to violate a bound, this is penalised in the objective function.

FU ≤ b+ s (2.42)

For soft constraints the box formulation can no longer be used, as the slack variables break the symmetry of the upper and lower bounds.
Reformulating to inequalities that are all ”less than or equal to” gives[

Gu

−Gu

]
U ≤

[
−Ox0 −GdD + Ymax

Ox0 +GdD − Ymin

]
(2.43)
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2.3 Ensemble Quadratic Program

This section describes how the quadratic program is augmented to model an ensemble approach where the disturbance forecasts are described
by ensembles. This is a likely situation, as e.g. rainfall forecast increasingly are calculated as ensembles.

The augmented matrices are presented for the case where the ensemble contains three members. This is for the sake of easing the overview
of the idea wihtout too many dots in the matrices.

The output equation patches up the outputs related to each member of the disturbance ensemble, i.e. the first ”row” corresponds to the
output obtained by using disturbance number 1 and so on. Note that the forcing U is not an ensemble - the final goal is to find the U which
best balances the advantages and drawbacks of all realisations.

Ỹ = Õx0 + G̃uU + G̃dd̃ ⇐⇒ (2.44)Y1

Y2

Y3

 =

OO
O

x0 +

Gu

Gu

Gu

U +

Gd

Gd

Gd

d1

d2

d3

 (2.45)

The augmented reference R̃ and the augmented weight Q̃. The reference is just duplicated, whereas the weight (the penalty for deviating
from the reference) is scaled by the probability of occurence of the respective ensemble member. The p’s must sum up to one,

∑
pi = 1

R̃ =

RR
R

 (2.46)

Q̃ =

p1Q
p2Q

p3Q

 (2.47)

The quadratic program to solve becomes

min‖Ỹ − R̃‖2
Q̃

+ ‖U −Ru‖2Σs.t. (2.48)Ymin

Ymin

Ymin

 ≤ Ỹ ≤
Ymax

Ymax

Ymax

 (2.49)

The quadratic objective H̃ becomes

H̃ = 2(G̃T
u Q̃G̃u + Σ) (2.50)

The term Σ relates to the penalty on the forcing deviating from its reference. This term is identical to the non-ensemble case. The term
G̃T

u Q̃G̃u relates to the penalty on the output deviating from the output reference, and this term is ensemble-augmented. Expanding this term
yields

G̃T
u Q̃G̃u =

[
GT

u GT
u GT

u

] p1Q
p2Q

p3Q

Gu

Gu

Gu

 = GT
u p1QGu +GT

u p2QGu +GT
u p3QGu = (p1 + p2 + p3)GT

uQGu = GT
uQGu

(2.51)

This means that the contribution form G̃T
u Q̃G̃u to the ensemble QP is identical to that of the ordinary QP, and thus in total that the

quadratice objective is identical to that of the ordinary QP

H̃ = H (2.52)

2.3.1 Soft-constrained ensemble QP

Quadratic objective

The quadratic objective H̃soft for the soft-constrained ensemble QP becomes

H̃soft =


H̃ p1Pu

p2Pu

p3Pu

p1Pl

p2Pl

p3Pl

 (2.53)

where Pu is the matrix which contains the penalties for exceeding upper constraints, and Pl is the matrix which contains penalties for going
below lower constraints.

The constraints matrix for the ordinary soft-constrained QP reads

Zhsoft
=

[
Zh −Iu
−Zh −Il

]
(2.54)

where Zh is the constraints matrix of the hard-constrained QP. For soft constraints Zh is augmented by Iu and Il which are index matrices
that points out the upper and lower constraints which are allowed to be violated. Each column in the index matrices corresponds to a slack
variable, which measures the exceedances. The slack variables enter the QP as extra decision variables .

In the ensemble QP, this augmentation pattern is followed, but now each ensemble member requires its own set of slack variables.

Z̃hsoft
=


Zh −Iu
Zh −Iu
Zh −Iu
−Zh −Il
−Zh −Il
−Zh −Il

 (2.55)
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Linear objective

The linear contribution to the objective function reads

g̃ = 2(G̃T
u Q̃(Õx0 + G̃dd̃− R̃)− ΣRu) (2.56)

The first term, G̃T
u Q̃(Õx0 + G̃dd̃ − R̃ relates to the output’s deviation from the reference, and all matrices and vectors are ”tilded” because

they are the ensemble-augmented versions. The second term, ΣRu relates to the forcing’s deviation from the specified reference Ru this term
is identical to the non-ensemble case.

Expanding the first term yields

G̃T
u Q̃(Õx0 + G̃dd̃− R̃ =

[
GT

u GT
u GT

u

] p1Q
p2Q

p3Q

Ox0 +Gdd1 −R
Ox0 +Gdd2 −R
Ox0 +Gdd3 −R

 =
[
GT

u GT
u GT

u

] p1Q(Ox0 +Gdd1 −R)
p2Q(Ox0 +Gdd2 −R)
p3Q(Ox0 +Gdd3 −R)

 (2.57)

which finally is reduced to

GT
u (p1Q(Ox0 +Gdd1 −R)︸ ︷︷ ︸

1. realisation contribution

+ p2Q(Ox0 +Gdd2 −R)︸ ︷︷ ︸
2. realisation contribution

+ p3Q(Ox0 +Gdd3 −R))︸ ︷︷ ︸
3. realisation contribution

(2.58)

In short the contribution to the linear objective is obtained by summing the contributions from each ensemble member, each of them scaled
by the probability. Finally the forcing deviation contribution is added. For ensemble size n the linear objective reads.

g̃ = 2

(
i=n∑
i=1

piQ(Ox0 +Gddi −R)− ΣRu

)
(2.59)
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Chapter 3

Surrogate model blocks
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3.1 Reach

3.1.1 Reach with no lateral flows

General state equation

x(i+ 1) = Ax(i) +Buu(i) +Bdd(i)

Output equation

y(i) = Cx(i)

The outflow from the reach is modelled as a delay on the inflow. The delay is kd, and is counted in time steps. At time i, the relation is:

Qout(i) = Qin(i− kd)

At time i+ 1, the relation is

Qout(i+ 1) = Qin(i− kd + 1) (3.1)

The state vector must be augmented by the previous releases in order to model the delay.

x(i) =



Qin(i− kd)
previous

...

...
flows

 =



Qin(i− kd)
Qin(i− kd + 1)

...

...
Qin(i− 1)


If the upstream inflow is a forcing (i.e. can be subject to control), then the system has no disturbances, and the full state space equation reads

x(i+ 1) =



Qout(i+ 1)
Qin(i− kd + 2

...

...
Qin(i)

 =



0 1 · · · · · · 0

0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A is kd∗kd


Qout(i)

Qin(i− kd + 1)
Qin(i− kd + 2)

...
Qin(i− 1)


︸ ︷︷ ︸

x(i)

+



0
0
...
...
1


︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

+
[
no disturbance contributions

]
(3.2)

The augmented parts of A and Bu match the extra elements in the state vector x. The augmented parts are visualised by separating lines in
the matrices. The first equation in this matrix system corresponds to eq. (3.1).

The following equations are identities, Qin(i − kd + 2) = Qin(i − kd + 2) to Qin(i) = Qin(i). Note that all but the last of the identity
equations stem from multiplying the previous flows in x(k) by the augmented part of A. The last identity equation stems from multiplying
the forcing (u(i)) by the ”1” at the last position of the augmented Bu. In total, this is the mechanism that models the time delay of the flow.

The output from the reach model is the outflow, Qout(i + 1). This is the first element in the state vector, and the task of the output
equation is to point out this element.

y(i) =

C is 1∗kd︷ ︸︸ ︷
[1 |0 . . . 0]︸ ︷︷ ︸

kd−1

x(i)

In eq. (3.2) we see that in general, the augmented part of A is a (kd − 1) × (kd − 1) matrix of all zeros with ones in the upper bi-diagonal.
This general formulation works for kd ≥ 3, because in these cases the augmented part of A will be at least 2× 2, and the bi-diagonal exists.

Below, the special cases are written out. kd = 3 is the lowest ”ordinary” creation of A’s augmented part.

x(i+ 1) =

Qout(i+ 1)
Qin(i− 1)
Qin(i)

 =

0 1
0 1

0


︸ ︷︷ ︸

A

 Qout(i)
Qin(i− 2)
Qin(i− 1)


︸ ︷︷ ︸

x(i)

+

0
0
1


︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

kd = 2. Remember not to create bi-diagonal ”ones” in A’s augmentation - the bi-diagonals do not exist!

x(i+ 1) =

[
Qout(i+ 1)
Qin(i)

]
=

[
0 1
0 0

]
︸ ︷︷ ︸

A

[
Qout(i)

Qin(i− 1)

]
︸ ︷︷ ︸

x(i)

+

[
0
1

]
︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

kd = 1 needs special treatment, because the state vector is not augmented by the previous flows. The one step time delay is ”inherent nature”
of the system where the outflow one time step ahead (i.e. at time i+ 1) is a function of the forcing at time i.

x(i+ 1) =
[
Qout(i+ 1)

]
=
[
0
]︸︷︷︸

A

[
Qout(i)

]︸ ︷︷ ︸
x(i)

+
[
1
]︸︷︷︸

Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)
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3.1.2 Reach with one lateral flow (point source)

In this section the state space model for a reach with a controlled upstream inflow and a lateral flow along the reach is described.
The outflow at the end of the reach is the sum of the upstream inflow contribution and the lateral flow contribution, which is delayed less

than the upstream inflow.

At time i, the relation is:

Qout(i) = Qin(i− kd) +Qlat(i− kdlat
)

At time i+ 1, the relation is

Qout(i+ 1) = Qin(i− kd + 1) +Qlat(i− kdlat
+ 1)

General case - point inflow in any cell but the last

In the case of a reach with no lateral flows (described in sec. 3.1.1), the state vector was augmented by the previous upstream inflows. After
the same template, the state vector is now augmented by the previous lateral flows as well. The full state space equation reads

x(i+ 1) =



Qout(i+ 1)
Qin(i− kd + 2)

...

...
Qin(i)

Qlat(i− kdlat
+ 2)

...

...
Qlat(i)


=



0 1 · · · · · · 0 1 · · · · · · 0

0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0

0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0

0
...
...
0

0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A



Qout(i)
Qin(i− kd + 1)

...

...
Qin(i− 1)

Qlat(i− kdlat
+ 1)

...

...
Qlat(i− 1)


︸ ︷︷ ︸

x(i)

+



0
0
...
...
1
0
...
...
0


︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

+



0
0
...
...
0
0
...
...
1


︸︷︷︸
Bd

[
Qlat(i)

]︸ ︷︷ ︸
d(i)

The A-matrix now contains two augmentation parts that occur as sub-matrices in the block diagonal: the first for delaying the upstream
inflow and the second for delaying the lateral inflow.

TheBu-vector’s contribution for the lateral flow is the augmentation by a zero vector. TheBd-matrix contains zeros in the first augmentation
part (this augmentation relates to the delay of the controlled inflow, which is not a disturbance); the second augmentation part contains a ”1”
at the bottom element.

The output equation has two augmented parts as well.

y(i) =
[
1 0 · · · · · · 0 0 · · · · · · 0

]︸ ︷︷ ︸
C

x(i)

Special case - point inflow in last cell

If the point inflow is located in the last cell, the point inflow causes no state augmentation. The contribution from the point inflow occurs in
Bd (or in Bu in case the inflow is manipulated by MPC).

x(i+ 1) =



Qout(i+ 1)
Qin(i− kd + 2)

...

...
Qin(i)

 =



0 1 · · · · · · 0

0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A



Qout(i)
Qin(i− kd + 1)

...

...
Qin(i− 1)


︸ ︷︷ ︸

x(i)

+



0
0
...
...
1


︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

+



1
0
...
...
0


︸︷︷︸
Bd

[
Qlat(i)

]︸ ︷︷ ︸
d(i)
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3.1.3 Reach with one lateral flow (distributed)

In this section the state space model for a reach with a controlled upstream inflow and a lateral flow along the reach is described.
The outflow at the end of the reach is the sum of the upstream inflow contribution and the lateral flow contribution.

Figure 3.1: A reach with distributed lateral inflow.

At time i, the relation is:

Qout(i) = Qin(i− kd) +
1

kd
Qlat(i− kd) + · · ·+ 1

kd
Qlat(i− 2) +

1

kd
Qlat(i− 1)

At time i+ 1, the relation is

Qout(i+ 1) = Qin(i− kd + 1) +
1

kd
Qlat(i− kd + 1) + · · ·+ 1

kd
Qlat(i− 1) +

1

kd
Qlat(i)

In this case, the state vector must be augmented by the previous lateral flows as well, after same template as for the upstream inflow.
Fig. 3.1 shows how the delay time determines the discretisation of the reach: if the delay is kd steps, this corresponds to kd cells in the reach.
Distributing the inflow along the entire reach corresponds to dividing the flow value equally between the cells in the reach, so each reach
receives 1/kd. Inflows to all cells but the last one give a contribution in the first row of the A-matrix at the positions that corresponds to the
augmented states from the lateral flow. Inflows to the last cell (delay = 1) is in effect a ”non-delayed” disturbance (a delay of one time step
is inherent in the model) and must occur in the first row of Bd (or of Bu in case of a controlled flow).

The full state space equation reads

x(i+1) =



Qout(i+ 1)
Qin(i− kd + 2)

...

...
Qin(i)

Qlat(i− kdlat
+ 2)

...

...
Qlat(i)


=



0 1 · · · · · · 0 1/kd 1/kd · · · 1/kd
0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0

0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0

0
...
...
0

0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A



Qout(i)
Qin(i− kd + 1)

...

...
Qin(i− 1)

Qlat(i− kd + 1)
...
...

Qlat(i− 1)


︸ ︷︷ ︸

x(i)

+



0
0
...
...
1
0
...
...
0


︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

+



1/kd
0
...
...
0
0
...
...
1


︸ ︷︷ ︸

Bd

[
Qlat(i)

]︸ ︷︷ ︸
d(i)

The output equation has two augmented parts as well.

y(i) =
[
1 0 · · · · · · 0 0 · · · · · · 0

]︸ ︷︷ ︸
C

x(i)

Examples

Figure 3.2: A reach with lateral inflow distributed to the upper half (left), and to the lower half (right).

Imagine a reach with a delay of 10 time steps, kd = 10. If a flow is distributed to the first half of the reach (the most upstream part), then
A is augmented by a (kd− 1)× (kd− 1) = 9× 9 matrix. In the first row of A, the flow is distributed to the first 5 cells with equal weight (1/5).

If the flow is distributed to the second half of the reach (the most downstream part), the augmentation is a bit different. As the
maximum delay of the distributed inflow is 5 (half of the total reach delay, which is kd = 10, the augmented contribution to A will only be a
(5− 1)× (5− 1) = 4× 4 matrix. Each of the 4 elements in the augmentations’s first row is set to 1/5, and the contribution from distributing
to the last cell (also 1/5) enters in the first row of Bd.
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3.1.4 Reach - IDEA - total outflow is aggregated by the output equation

At time i, the relation is:

Qout(i) = Qin(i− kd) +Qlat(i− kdlat
)

At time i+ 1, the relation is

Qout(i+ 1) = Qin(i− kd + 1) +Qlat(i− kdlat
+ 1)

In the reach model presented in the previous sections, the outflow Qout(i) is modelled as a state variable of the reach block. Another model
would be to include only the delayed flows in the state and make the output equation do the aggregation. The state space equation then reads:

x(i+ 1) =



Qin(i− kd + 1)
...
...

Qin(i)
Qlat(i− kdlat

+ 1)
...
...

Qlat(i)


=



0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0

0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0

0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A



Qin(i− kd)
...
...

Qin(i− 1)
Qlat(i− kdlat

)
...
...

Qlat(i− 1)


︸ ︷︷ ︸

x(i)

+



0
...
...
1
0
...
...
0


︸︷︷︸
Bu

[
Qin(i)

]︸ ︷︷ ︸
u(i)

+



0
...
...
0
0
...
...
1


︸︷︷︸
Bd

[
Qlat(i)

]︸ ︷︷ ︸
d(i)

And the output equation becomes

y(i) =
[
1 · · · · · · 0 1 · · · · · · 0

]
x(i) = Qin(i− kd) +Qlat(i− kdlat

) = Qout(i)

Now, the question is: how to link the outflow from this reach to the inflow of another model block? The globally linked state space model
inserts the links in the state space matrices, but now the outflow is no longer represented as a state. Can equality constraints be used?

Qbin(i) = Qaout
(i) = ya(i)

One advantage of this model is that A is now a block-diagonal matrix, where all subblokcs have similar structure, namely ones in the upper
bi-diagonal. Potentially, this can be exploited to reduce the memory consumption and the computation time used for calculating the powers
of A.
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3.2 Physical reservoir

3.2.1 Reservoir - non-linear level-volume relation

The state space model for the reservoir calculates the volume difference over a time step. In case of a reservoir with one uncontrolled inflow
(Qin) and one controlled outflow (Qout), the mass balance for a time step reads:

x(i+ 1) = [V (i+ 1)] = [1]︸︷︷︸
A

[V (i)]︸ ︷︷ ︸
x(i)

+ [−∆t]︸ ︷︷ ︸
Bu

[Qout(i)]︸ ︷︷ ︸
u(i)

+ [∆t]︸︷︷︸
Bd

Qin(i)︸ ︷︷ ︸
d(i)

The output equation maps the only state variable (the volume) in a one-to-one relation.

y(i) = [1]︸︷︷︸
C

x(i)

Using the volume as state variable gives a linear relation between the forcing (controlled flow) and the state (volume), but the reservoir level
also needs to be modelled, as initial values and target values will probably relate to the level rather than to the volume. In the general case,
the reservoir level is a non-linear function of the volume. We deal with the non-linearity by mapping ”initial level” to ”initial volume” prior
to the simulation; after the simulation, resulting volumes are mapped back to levels. Also, a target level specified for the MPC is mapped to
a target volume in advance.

3.2.2 Tank - linear level-volume relation

In the special case where the level-volume relation is linear, the level can be used as state variable instead. This corresponds to viewing
the reservoir as a tank with vertical sides; then a given volume difference will result in the same level difference, no matter what the initial
level was.

x(i+ 1) = [h(i+ 1)] = [1]︸︷︷︸
A

[h(i)]︸ ︷︷ ︸
x(i)

+

[
− ∆t

area

]
︸ ︷︷ ︸

Bu

[Qout(i)]︸ ︷︷ ︸
u(i)

+

[
∆t

area

]
︸ ︷︷ ︸

Bd

Qin(i)︸ ︷︷ ︸
d(i)

(3.3)

The output equation maps the only state variable (the level) in a one-to-one relation.

y(i) = [1]︸︷︷︸
C

x(i)

Note that the parameter ”area” entered in eq. 3.3. This parameter replaces the specification of the level-volume curve which is needed when
using volume as state variable. Physically area can be viewed as the surface area of the tank; and this area will be constant as the tank has
vertical sides. However, the vertical-side assumption will be an approximation in many cases, and the area will more act as a calibration
parameter than a physically measurable quantity.

It has been considered to change the state variable of a tank to volume, because then there is no need to distinguish between the two
reservoir approaches when linking to other blocks. However, this idea was discarded for two main reasons. First, an unnecessary conversion
between level and volume is imposed in the simple tank model. Second, to do this level-volume conversion, then we have to choose an arbitary
value for the initial volume if the bottom level of the reservoir is not known.

Both inflow and outflow controlled

What happens if both inflow and outflow is controlled? There will be no disturbance contribution, and the state space equation reads:

x(i+ 1) = [V (i+ 1)] = [1]︸︷︷︸
A

[V (i)]︸ ︷︷ ︸
x(i)

+
[
−∆t +∆t

]︸ ︷︷ ︸
Bu

[
Qout(i)
Qin(i)

]
︸ ︷︷ ︸

u(i)

+ [0]

In the control problem, any pair of (Qout, Qin) that results in the desired volume difference would then be an optimal solution. However, if
there is a penalty on the forcing, the optimal solution will be the one which minimises the control action, i.e. aims at as small flows as possible.
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3.2.3 Reservoir with overflow

In this reservoir, the volume will never exceed the maximum volume. Instead all excess water is removed when the threshold is reached.
This is a simple model of a reservoir with an overflow structure. Note that all excess water leaves the reservoir instantly. This makes this
model block appropriate for modelling spill structures with occasional spills, but it cannot be used to model a outflow over a structure which
depends on the water level above the weir crest.

In sewer applications this block can be used to model the sewer overflow from a “virtual basin”, which represents the total volume of water
in a specified area of the pipe network.

The challenge is to express the threshold (the volume at which overflow happens) in a linear state space model. The following formulation
expresses the overflow discharge as a slack variable, which enters the optimisation model as an optimisation variable just as the controllable
inflow/outflow to the reservoir. However, there are further restriction on the choice of slack variable values, because the overflow discharge
is required to be zero as long as the reservoir volume is below maximum. Penalising the slack variable in the ordinary way (put deviation
from zero into the objective function) is prone to activate the slack variable at a time where the volume threshold is not reached, if this will
benefit the overall objective (i.e. if some larger penalties at other locations in the network can be avoided). This behaviour is circumvented
by penalising the accumulated overflow volume instead. An overflow at an earlier time will weigh higher than an overflow at a later time,
thus the optimisation has an incentive to postpone the overflow to a later time. We have no formal proof that this formulation will work in
all cases, though.

The state space model for the reservoir calculates the volume difference over a time step. In case of a reservoir with one uncontrolled inflow
(Qin) and one controlled outflow (Qout), the mass balance for a time step reads:

x(i+ 1) =

[
Vtotal(i+ 1)
Vspill(i+ 1)

]
=

[
1 0
0 1

]
︸ ︷︷ ︸

A

[
Vtotal(i)
Vspill(i)

]
︸ ︷︷ ︸

x(i)

+

[
−∆t 0

0 ∆t

]
︸ ︷︷ ︸

Bu

[
Qout(i)
Qspill(i)

]
︸ ︷︷ ︸

u(i)

+

[
∆t
0

]
︸ ︷︷ ︸
Bd

Qin(i)︸ ︷︷ ︸
d(i)

Vtotal is the sum of the reservoir volume (V ) and the overflow volume (Vspill), Vtotal = V + Vspill. Note that the reservoir volume is not
explicitly expressed in the above equation, but it is calculated as an output in the output equation, which reads

y(i) =

[
1 −1
0 1

]
︸ ︷︷ ︸

C

[
Vtotal(i)
Vspill(i)

]
︸ ︷︷ ︸

x(i)

=

[
V (i)

Vspill(i)

]

The slack variable (Qspill) cannot be negative, as the overflow discharge cannot “go back into the reservoir”.

Qspill(i) ≥ 0, i = 1, . . . , k

This automatically implies that the overflow volume (Vspill) is positive.
In order to make the reservoir overflow when a given threshold volume is reached, the volume (V ) must be restricted by a hard output

constraint

V (i) = Vtotal(i)− Vspill(i) ≤ Vmax, i = 1, . . . , k

This output constraint corresponds to constraining the first row in the output equation. The second row in the output equation is the overflow
volume (Vspill). As already mentioned, this is implicitly constrained to be non-negative by requiring Qspill ≥ 0.
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2970 Hørsholm, Denmark

www.dhigroup.com

3.3 Linear reservoir

The linear reservoir is not a physical reservoir, but represents a smoothing of the flow (which inherently also results in a delay). It is thought
of as a very basic building block, which can be used for eaxampel in series with a reach block, so as to model the combination of transport
time and storage in a channel. The characteristic of a linear reservoir is that the outflow is in ratio to the volume; and thus outflow and
volume are interchangeable as state variable.

The volume in the next time step is a linear function of the volume in the current time step:

V (i+ 1) = V (i)k ,where k < 1 describes a decay

The solution to this difference equation is

V (i) = V (0)ki = V (0)eln(k)i, k < 1⇒ ln(k) < 0

The volume leaving the reservoir in time step i is

∆V (i) = V (i+ 1)− V (i) = V (i) ∗ k − V (i) = V (i)(k − 1)

The half-life time,t1/2, is the time it takes to reduce to the half volume. In the discrete case this must be counted in number of steps, i.e.
i1/2 = t1/2/∆t. If the half-life time (t1/2) is specified, then k can be calculated:

V (i1/2) =
1

2
V (0)⇔ V (0)ki1/2 =

1

2
V (0)⇔ ki1/2 =

1

2
⇔

k = e
− ln(2)

i1/2 = e
− ln(2)

t1/2/∆t

The mean life time (or mean residence time), τ , is ”the average time that the water spends in the reservoir”. τ is related to the half-life time
t1/2 through

t1/2 = τ ln(2)⇔ τ =
t1/2

ln(2)

The outflow in time step i relates to the volume by

Q(i) = −∆V (i)

∆t
= −V (i)(k − 1)

∆t
=
V (i)(1− k)

∆t
= V (i)β

The above equation states that there is a linear relation between the outflow and the volume, and the flow-volume conversion coefficient β
relates to k via

β =
1− k
∆t

=
1− e− ln(2)/(t1/2/∆t)

∆t

In the general case, where inflows to the linear reservoir occurs, the volume balance is

V (i+ 1) = V (i) + ∆t(−Qout(i) +Qin(i))⇔
V (i+ 1) = V (i) + ∆t(−V (i)β +Qin(i))⇔
V (i+ 1) = V (i) (1− β∆t)︸ ︷︷ ︸

k

+∆tQin(i)

Reformulated in terms of the outflow Qout we get

1

β
Qout(i+ 1) =

1

β
Qout(i)(1− β∆t) + ∆tQin(i)⇔

Qout(i+ 1) = Qout(i)(1− β∆t) + β∆tQin(i)

Qout(i+ 1) = Qout(i)k +Qin(i)(1− k)

When using a linear reservoir model block in an MPC setup, it is important to remember that the outflow cannot be a used as a decision
variable, but inflows to the reservoir can be both controlled (i.e. decision variables) and uncontrolled (disturbances). For the state space model
we split the inflows into controlled and uncontrolled inflows. Furthermore, either outflow or volume should be chosen as state variable (not
both, if we know one, we know the other). We choose to use the outflow as state variable of the state model , and the state space matrices
reads

x(i+ 1) = [Qout(i+ 1)] = [k]︸︷︷︸
A

[Qout(i)]︸ ︷︷ ︸
x(i)

+ [1− k]︸ ︷︷ ︸
Bu

Qcontrolled
in (i)︸ ︷︷ ︸

u(i)

+ [1− k]︸ ︷︷ ︸
Bd

Quncontrolled
in (i)︸ ︷︷ ︸

d(i)

The output equation just points out the outflow as the output

y(i) = [1]︸︷︷︸
C

x(i)
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Chapter 4

Connecting model blocks
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4.1 Connecting flows in the state space model

4.1.1 Reach-reach (uncontrolled link)

Two reaches with no lateral inflows are connected. The outflow from the upstream reach (model block a) is piped into the inflow of the
downstream reach (model block b).

The states of the two subsystems are collected in a single state vector, and A, Bu and Bd matrices are patched together of the matrices
from the subsystems. The state equation reads:

x(i+ 1) =



Qaout(i+ 1)
Qain(i− kda + 2)

...

...
Qain(i)

Qbout
(i+ 1)

Qbin(i− kdb
+ 2)

...

...
Qbin(i)



=



0 1 · · · · · · 0
0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0

0 · · · · · · 0

1 0 0

0 1 · · · · · · 0
0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A



Qaout(i)
Qain(i− kda + 1)

...

...
Qain(i− 1)
Qbout

(i)
Qbin(i− kdb

+ 1)
...
...

Qbin(i− 1)


︸ ︷︷ ︸

x(i)

+



0
0
...
...
1
0
0
...
...
0


︸︷︷︸
Bu

[
Qain(i)

]︸ ︷︷ ︸
u(i)

Observe the red ”1” in the lower left corner of the A-matrix. This is the link that pipes the outflow from a to the inflow of b; writing out the
equation for the last row yields Qbin(i) = Qaout

(i). Not that the coupled system is a a system without disturbances. The inflow to model block
b, which would induce a disturbance matrix Bd in the uncoupled case is eliminated, and Qbin(i) instead receives its flow via the link.

The value of the link is ”1”, because this is a link that sends one flow into another; thus there is a one-to-one correspondence.
This is an example of linking an uncontrolled outflow to an inflow. The resulting connection is uncontrolled. This has to be the case when

passing water on from the outflow of a reach - at least when the reach is modelled as a delay model, which does not allow for storage of the
water.

It central to place the linking ”1” at the correct position in the patched-up A-matrix. The row number is equal to the position of Qbin(i)
in the the state vector, x(i + 1). The column number is equal to the position of Qaout

(i + 1) in the state vector. This is still the case if the
system contains lateral flows. Below is shown x(i+ 1) and A for a system with two submodels (a and b), where the latter has a lateral inflow.
The link element in A and the aforementioned positions in x(i+ 1) are coloured red.

x(i+ 1) =



Qaout
(i+ 1)

Qain
(i− kda

+ 2)
...
...

Qain
(i)

Qbout(i+ 1)
Qbin(i− kdb

+ 2)
...
...

Qbin(i)
Qblat

(i− kdb,lat + 2)
...
...

Qblat
(i)



, A =



0 1 · · · · · · 0
0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0

0 · · · · · · 0

1 0 0

0 1 · · · · · · 0
0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0

1 · · · · · · 0
0 · · · · · · 0
...

. . .
...

...
. . .

...
0 · · · · · · 0
0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


The outflow from reach a could be connected to the lateral inflow of reach b as well: in that case the row number of the link element must be
shifted to match the row number of Qblat

(i).
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4.1.2 Reservoir-reach (controlled link)

The controlled flow of a reservoir (model block a) is connected to the inflow of the downstream reach (model block b).

x(i+ 1) =



Va(i+ 1)
Qbout

(i+ 1)
Qbin(i− kdb

+ 2)
...
...

Qbin(i)


=



1

0 1 · · · · · · 0
0
...
...
0

0 1 · · · 0
...

. . .
. . .

...
...

. . . 1
0 · · · · · · 0


︸ ︷︷ ︸

A



Va(i)
Qbout

(i)
Qbin(i− kdb

+ 1)
...
...

Qbin(i− 1)


︸ ︷︷ ︸

x(i)

+



−∆t
0
0
...
...
1


︸ ︷︷ ︸

Bu

[
Qbin(i)

]︸ ︷︷ ︸
u(i)

+



∆t
0
...
...
...
0


︸ ︷︷ ︸

Bd

[
Qain

(i)
]︸ ︷︷ ︸

d(i)

Because the link is controlled, it occurs in the Bu-matrix (first element, coloured red). The value of the link, −∆t, reflects the conversion from
flow to volume.

The patched-up output equation reads

y(i) =

[
V (i)

Qbout(i)

]
=

[
1 0 · · · · · · 0

0 1 · · · · · · 0

]
x(i)
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4.1.3 Linear reservoir-linear reservoir (uncontrolled link)

The upstream linear reservoir a pipes its outflow to the downstream linear reservoir b. Volume considerations[
Va(i+ 1)
Vb(i+ 1)

]
=

[
ka 0

1− ka kb

] [
Va(i)
Vb(i)

]
+

[
∆t
0

]
Qain(i) (4.1)

Observe the red ”1− ka”. This is the link that takes the volume leaving reservoir a, and adds it to the volume of reservoir b. Now, rewriting
in terms of reservoir outflows, the last of the two equations in eq. 4.1 becomes

Vb(i+ 1) = (1− ka)Va(i) + kbV b(i)⇔
1

βb
Qbout

(i+ 1) = (1− ka)
1

βa
Qaout

(i) + kb
1

βb
Vb(i)⇔

Qbout
(i) =

1− ka
βa

βbQaout
(i) + kb

1

βb
Qbout

(i)⇔

Qbout
(i) =

1− ka
βa︸ ︷︷ ︸
∆t

βbQaout
(i) + kbQbout

(i)⇔

Qbout
(i) = ∆tβbQaout

(i) + kbQbout
(i)⇔

Qbout
(i) = (1− kb)Qaout

(i) + kbQbout
(i)⇔

When using outflow as state variable, the coupled system reads[
Qaout

(i+ 1)
Qbout

(i+ 1)

]
=

[
ka 0

1− kb kb

] [
Qaout

(i)
Qbout

(i)

]
+

[
1− ka

0

]
Qain(i)
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